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abstract
We present experiments with a mixture of grains and water around a circular cylinder. Flow is driven
by the internal cylinder of a Taylor–Couette cell. Velocity measurements of the mixture at the external
surface are carried out using a commercial particle image velocimeter. The flow regime is in the
macroviscous range and the flow field is similar to that generated by a Newtonian fluid around a circular
cylinder, with a wake and a recirculation zone. Like in other granular flows, the velocity covariance tensor
and the rate of deformation tensor are not collinear; they have principal axes rotated nearly 45°. Near the
body, the velocity scale of the wake decays linearly at high Reynolds numbers and logarithmically at low
n
Reynolds numbers. The transverse length scale increases as x′ (x′ measured along the axis of symmetry
with the origin at the boundary of the body) with n < 0.5 (or nearly zero in some flow conditions).
© 2012 Elsevier Masson SAS. All rights reserved.

1. Introduction
The analysis of granular flow in the presence of an obstacle
is of interest from a theoretical point of view as a study of the
complex rheology of a fluid as well as for other applications.
Many defence structures against debris flow consist of steel
sheeting cylinder piles filled with local materials and capped with
concrete. These dissipate the flow energy, stopping boulders, and
favouring water filtration. Other defence structures against snow
avalanches have a triangular shape with a pyramidal elevation,
with a corner in the expected flow direction; these can protect
the buildings in their wakes. There are also many applications
in food manufacturing, chemistry, and pharmacy. Despite this,
experiments and theoretical models are rare.
The flow of a fluid–granular mixture is characterized by
three main regimes: (i) a macroviscous regime with essentially
Newtonian behaviour, (ii) a dilatant regime with interparticle
collisions dominant, and (iii) a quasi-static regime, with stresses
transferred mainly as frictional stresses. The complicated structure
of the flow field can be better analyzed by reducing the flow to
two dimensions. Specific interest has been devoted to analyzing
the drags on obstacles in a granular medium. The drag shows
that a different behaviour is expected if the obstacles are moving
in a granular medium at rest or if the obstacles are at rest and
are invested by a granular stream. In both cases, the presence of
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grains at high concentrations near the obstacles induces stress
transmission through contact forces and leads to a jammed state.
This jammed state is peculiar of granular flows, different with
respect to classical Newtonian fluid flows. Jamming can be induced
by gravity for particles at the contact subject to their own
weight, or it can be a consequence of any compressive stress.
The main kinematic effect of jamming is the need for a proper
reorganization of the flow pattern around obstacles dragged in a
granular medium. The length scale of the reorganization pattern
is different in the two extreme situations, and generally strongly
enhances the disturbances induced by the obstacles, favouring
strong fluctuations of the drag force. If the granular medium is
at rest (on average), the drag usually depends little on the speed
or on the form of its cross-section [1], at least if a dry granular
flow with a free surface is present. It appears that the influence of
speed on drag is important only at low velocities. If the obstacle
is at rest, a much stronger dependence on granular velocity is
expected, with a low resistance similar to that for a usual fluid (a
quadratic law at high velocities). In addition, these results can be
strongly different if a lubricant interstitial fluid is present. Some
numerical experiments on the interaction of a stream of granular
particles with a resting obstacle in two dimensions [2] show that,
at low velocities, the drag depends on a 3/2 power of the velocity,
whereas, at high velocities, the drag recovers its usual quadratic
dependence.
Numerical simulation is also used for studying granular flows.
Wassgren et al. [3] used discrete element simulations to investigate
a two-dimensional dilute dry granular flow around an immersed
cylinder (no interparticle fluid) in order to evaluate the drag
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Nomenclature

...
Time-average operator
.
..
Non-dimensional operator
α, β
Coefficients
δ
Thickness of the gap
γ
Turbulence index
Γ
Shear rate
φ, φD , φB Angle of the principal axes of the velocity covariance tensor, of the rate of deformation tensor, of the
kinetic stress tensor
Λij_k , λij_k Integral length scale, Taylor micro scale corresponding to the correlation between the velocity
components i and j in direction xk
λ
Linear concentration of the solid phase, Taylor
microscale
µ
Dynamic fluid viscosity
νmixture Kinematic viscosity of the mixture
ρ
Bulk density of the solid phase
ρs
Mass density of the solid phase
σkx , σky Kinetic normal stress along x, y
τkxy
Kinetic tangential stress
ω, ωz
Rotation rate, vorticity component along z
a, b, a1 , b1 , c1 , d1 , e1 , a2 , b2 , c2 , d2 , e2 Coefficients
Ba
Bagnold number
C , C0
Void concentration of the grains (ratio between
the volume of sediments and the bulk volume),
maximum void concentration of the grains
d
Grain diameter
D
Diameter of the cylinder
f
Frequency of shedding of the von Karman vortices
l
Transverse length scale, mean free path of the
particles
L
Length of the recirculating zone
Lx,y (. . .) Polynomials for spatial correction along x, y
LDA
Laser Doppler anemometry
n
Exponent
PIV
Particle image velocimetry
PMMA Polymethyl methacrylate
Rij
Correlation function between velocity components
i and j
Re, ReΛ Reynolds number, based on integral scale
R2
Coefficient of determination
St
Strouhal number
s
Wall thickness
t , dt
Time, time increment
T
Granular temperature
U0
Reference asymptotic velocity
Us
Defect velocity
Ux , Uy
Horizontal, vertical instantaneous velocity
Horizontal, vertical fluctuating velocity
Ux′ , Uy′
x, x′ , y Spatial coordinates
xcorr , xmeas , ycorr , ymeas Spatial coordinates measured, corrected

coefficient. They found that the drag coefficient depends on the
Mach number, expressed as the ratio of the asymptotic velocity
and the celerity of sound, and on the Knudsen number, expressed
as the ratio between the mean free path of the upstream particles
and the macroscopic length scale, assumed equal to the diameter
of the cylinder. They also depicted some properties of the granular
flow, including velocity, temperature, and the solid fraction field.
Chehata et al. [4] experimentally studied the flow around a fixed
cylinder immersed in a uniform dry and dense granular flow. They

found that the drag force is independent of the mean flow velocity
and that it scales with the asymptotic stress state in a tall granular
bed. They also analyzed the vorticity and the granular temperature
field.
Compared to other flows, granular flows are often characterized
by variations in bulk density. Experiments by Gray et al. [5] show
that a granular stream impacting an obstacle or being deviated
by a wall has different zones of compression and expansion with
shocks and discontinuities. In these experiments, it is very difficult
to measure the fluid velocity in the body stream. It is possible
to use laser Doppler anemometry (LDA) [6] and particle image
velocimetry (PIV) [7] for measuring velocities near a transparent
wall. While PIV exactly displays the particle motion, results usually
underestimate the real velocity due to the wall boundary layer
(unless it is used for measuring a free granular surface), but,
fortunately, this error is limited due to slip of granular flows at the
boundary.
The literature includes several references on Newtonian fluid
flows around a circular cylinder (see [8]), and most elementary
theory of infinite length wings uses conformal mapping of flow
around a circular cylinder of infinite extent. Sarpkaya et al. [9]
present a detailed analysis on the flow of water and polymer
additive around a circular cylinder. The most obvious effect
of the additives is instability of the separation curve of the
stream, due exclusively to the rheology of the fluid. Nedderman
et al. [10] analyze the gravity-driven flow of mustard seeds around
a cylinder, adopting a kinematic description based on a stochastic
model. Other more detailed analyses refer to the kinematics of
complex fluids around bodies [11].
We observe that several models have been developed and
tested for dry grain rapid granular flows, mainly based on the
assumption of an isotropic granular temperature, small dissipation
and low to mid grain void concentration. Significant progress
has also been made regarding granular temperature anisotropy.
However, little has been done to include the effects of interstitial
fluid since Bagnold’s pioneering work [12]. Bagnold was interested
in the rheology of the mixture, without considering the interaction
with a solid boundary except for momentum transferring, and
developed a model widely used for its simplicity that makes
it an excellent tool for practical computations or simplified
models. The flow field in Bagnold’s experimental apparatus was
viscometric as much as possible. Despite several critics [13], and
despite the limitations of the model (e.g., the evidence that it
does not develop a constitutive equation, lacking, for example, a
tensorial formulation), Bagnold’s model is still adopted at least for
concentrated suspensions of grains in water at low shear rates
(Bagnold’s macroviscous regime).
2. Scope and objectives
The aim of the present experimental work is to provide information on the kinematics of flow fields past a cylinder immersed
in a fluid–granular mixture stream with grains at high void concentrations. Compared to most experiments in the literature, the
presence of water as the interparticle fluid represents a significant
variation, producing different results. Such mixtures are common
in environmental flows, such as debris flows, but also in industry, as fluidized beds for chemical reactions. The device used to
generate the stream is a Taylor–Couette cell; momentum is transferred from the internal rotating cylinder through collisions with
the grains of the mixture and through a (limited) wall stress acting
on the fluid phase. The device is easy to control and does not suffer many of the limitations typical of channels with recirculating
mixture, such as varying void concentration of the grains and free
surface instabilities. The use of almost neutrally buoyant grains
limits gravity effects that would induce a normal stress increase
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with depth. Note that gravity, which acts as a source of momentum
in a gravity channel, is a disturbing effect in this device, because it
favours particle segregation and grain void increments downward.
The source of momentum is a surface force exerted on the internal
boundary of the fluid domain, essentially on grains and, to a lesser
degree, the interparticle fluid.
In Section 2, we describe the experimental set-up, the
measurement technique, and the tests carried out with a mixture
of sediments and water. In Section 3 we describe the experimental
set-up and the experiments.
In Section 4 we describe the flow field using the experimental
data, with an analysis of the wake, the vorticity field, and the divergence of the flow. Conclusions are reported in the last section.
3. Methodology
3.1. Experimental set-up
Experiments were performed in a concentric-cylinder Taylor–Couette shear cell (Fig. 1), with an internal rotating vertical
cylinder of stainless steel with a diameter Dint = 167 mm and an
external fixed cylinder of polymethyl methacrylate (PMMA) with
a diameter Dext = 190 mm. The height of the cell is 340 mm, the
wall thickness of the external fixed cylinder is s = 5 mm, and the
annular gap between cylinders, representing the shear section, is
δ = 11.5 mm. The internal cylinder is in motion, and in order to
transfer momentum to the granular mixture, its wall is roughed by
gluing sandpaper to it. The sandpaper has a roughness comparable
with the size of the grains; its overall thickness is less than 1 mm.
The internal surface of the PMMA cylinder is smooth, and it
allows almost free slip of the grains. The driving mechanism for
the stainless-steel internal cylinder is a stepper with a resolution
of 0.36° per step, controlled by a computer and connected to
a coaxial mechanical gear (1:6) in order to increase the torque.
The gear reduction also increases the resolution of the driving
mechanism to 0.06° per step of the internal cylinder. The stepper
has a vertical axis, is not fixed, and a counterbalance torque is
obtained using an iron beam, instrumented with strain gauges in
order to estimate the torque. In principle, measuring the torque
allows the mean wall stress to be evaluated. Unfortunately, due to
mechanical imperfections in the gear system and the poor dynamic
response of the overall system, the signal/noise ratio is too low,
especially in the presence of a sand–water mixture, so we did not
use the signal of the torque measurement system.
Tests were carried out with a mixture of water and artificial
grains used for thermal insulation purposes (commercial name
Leca), made of clay. The grains were sorted to have a diameter
of d = 0.25–0.50 mm. They are almost spherical, and have a
specific weight in water nearly equal to 1.0. This low value is due to
the presence of air included in the particles during the production
process; sorting for the specific weight was necessary to eliminate
floating particles. The choice of almost neutrally buoyant particles
was forced by the need to reduce to a minimum the normal
effective stress increment due to gravity, which would reduce grain
mobility, especially in the deeper layers.
The maximum solid fraction (the solid fraction is also defined
as the void concentration of the grains, i.e., the ratio between the
volume of sediments and the bulk volume) for random packaging
was determined by measuring the bulk volume of the grains at rest,
the weight of the sample, and the specific weight, obtaining a value
of C0 = 0.643. During motion, the solid fraction is reduced due to
particle dilatancy and resuspension, achieving a computed mean
value of granular void concentration of C ∼ 0.56.
3.2. Measurements
Measurements were carried out in the Laboratory of Civil
Engineering ‘‘Paolo Lamberti’’ of the University of Ferrara, using
a commercial TSI particle image velocimeter with a 2048 × 2048
pixel video camera, fitted with a 50 mm/f lens. The light source
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was a Solo Nd:YAG III dual laser head with maximum repetition
rate of 15 Hz and maximum output energy of 50 mJ, water cooled,
and mounted on the same side of the video camera. Usually,
the laser has a cylindrical lens to generate a light sheet; for the
present purposes, the lens was removed and substituted with two
cylindrical lenses in series and with mutually orthogonal axis in
order to enlarge the beam transforming the laser beam in a light
spot able to illuminate the area detected in the frames of the
videocamera; polarized lenses were added to the video camera in
order to eliminate reflections.
The laser light illuminates frontally the particles moving near
the transparent wall of the cell and only occasionally can reach
the second layer of particles, with the probability to go further
in depth reduced at high grain concentration. Hence most of the
signal is scattered by the particles near the wall. The position of the
camera and the lens focus were chosen in order to have a depth of
field of 20 mm that ensures an acceptable sharpness of the image
for all of the frame. We checked the overall performance of the
measurement system by gluing a sheet of paper with random dots
to a rotating circular plate moved by a stepper motor, exactly in the
same configuration of the tests. The measured velocity was within
1% of the expected values.
A similar condition was also met by using LDA in a granular
stream [6].
The acquisition frequency of the couple of images was 3.75 Hz,
with a time interval between the two images ranging from 600 to
1000 µs depending on the maximum particle velocity and gradient
of velocity. In the tested condition, PIV measures the velocity of the
grain particles, which in subsequent frames appear much brighter
than the small particles always present in the interstitial fluid.
The curvature of the PMMA cylinder and the refraction generate
image distortion; an additional distortion is due to the lenses of
the video camera. We performed a numerical correction to the
acquired data using an algorithm with experimental parameters.
The algorithm elaborates the transformation of the pixel position
on the CCD of the camera onto a metric position in the plane space
equivalent to the rolled cylinder.
The transformation is in terms of quadratic polynomials,
xcorr /xmeas = Lx (xmeas , ymeas ) ≡ a1 x2meas + b1 y2meas

+ c1 xmeas + d1 ymeas + e1
ycorr /ymeas = Ly (xmeas , ymeas ) ≡ a2 x2meas + b2 y2meas

(1)

+ c2 xmeas + d2 ymeas + e2 ,
used to correct both coordinates. Lx and Ly are the polynomial
operator symbols adopted for correcting the two coordinates.
The coefficients of the polynomials are estimated using the
maximum likelihood criterion. The correction function could also
be evaluated using the criteria of geometrical optics, but this is
more complicated; there are no real advantages compared to the
adopted polynomials.
Calibration requires the following steps. (1) Acquisition with
the video camera of a regular grid of 1.0 cm squares, stuck on the
external surface of the PMMA cylinder. It is necessary to fix the
position of the video camera in order to maintain the same point
of view during tests. (2) Estimation of the coordinates (in pixels) of
the knots of the grid, using the acquired image. (3) Minimization
of the residuals, summed for all knots of the grid and parametric
in the coefficient of the interpolating polynomials, allowing the
coefficients to be evaluated.
The estimated coefficients have an uncertainty of ∼2% at the
95% confidence level. The maximum correction (near the lateral
boundaries) is about 20%. Image elaboration was carried out using
an interrogation window of 32 × 32 pixels (∼8 × 8d) with 50%
overlap. The result is a matrix of vectors in the knots of a square
grid, 16 pixels large, corresponding to 1.25 mm (∼4d).
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Fig. 1. Schematic diagram of the experimental set-up.

Although the grid, for practical purposes, is stuck on the
external surface of the PMMA cylinder (whereas the observed
grain particles move near the internal surface), the algorithm
does not correct for refraction. This is one of the reasons for
the reduced validation rate near the lateral boundaries of the
frame, where refraction is more evident. The output files contain
the coordinates (in pixels) of the interrogation window and the
two components of the space vector at time t (first frame) and
t + dt (subsequent frame). Applying the transformation, a matrix
containing the velocity vector in the knots of an irregular grid (the
transform of the space vector at time t) is obtained. For easy use
and subsequent elaboration, the matrix is interpolated by a regular
grid with square length equal to 1.3 mm. For each test, 100 couples
of frames were acquired, corresponding to ∼27 s.
3.3. The experiments
In this analyzed series of tests, the obstacle is a circular cylinder
with a diameter D = 15 mm and a height of 9 mm. The cylinder
is glued to the internal surface of the PMMA cylinder and has
its axis in the radial direction, ∼50 mm over the bottom of the
Taylor–Couette cell. The free surface of water at rest is at ∼150 mm,
while the grain bottom is 20 mm below the free surface. A gap
of a few millimetres is present between the obstacle and the
internal rotating cylinder in order to avoid particle locking. At
the maximum rotation rate of the internal cylinder, the mixture
looks almost homogeneous, with the mean void concentration of
the sediments reduced to 87% of the void concentration of the
sediments at rest. The mean void concentration of the sediments
during shearing was evaluated by measuring the initial volume of
water and of sediments at a value of C = 0.557.
The variation in void concentration of the sediments is
greater near the free surface in the gap than near the obstacles.
Measurements were carried out imposing a rotation rate of
50–200 rpm, corresponding to a lateral velocity of the internal
cylinder of 440–1760 mm/s. The undisturbed flow field (without

the obstacle) is quite regular, with shear in the radial direction and
in the horizontal plane. The theoretical mean value of the shear
rate in the radial direction and the mean velocity near the external
(transparent) wall are shown in Table 1. The real mean value of the
shear rate in the radial direction is less than the theoretical value,
due to modest slip of the grains in the presence of the sandpaper.
The shear in the radial direction is not uniform, with higher
values near the driving wall. In most of the flow field, the shear
rate is much smaller than the average shear rate, and an almost
uniform flow is obtained, with minimal effects of curvature of the
trajectories due to the annular gap. In fact the minor efficiency
in transferring momentum by the driving wall to the granular
mixture is due to the increment in the pseudotemperature level
near the driving wall: the grain concentration locally reduces and
a boundary layer of bouncing sediments develops. It is equivalent
to a slip of the grains. At 200 rpm, the measured velocity of the
grains near the external cylinder is smaller than that measured
at 150 rpm, presumably due to emerging instabilities in the flow
field. In order to qualify the flow regime, we introduce the Bagnold
number, defined as

ρs d2 λ1/2 Γ
,
(2)
µ
where ρs is the density of the solid phase, d is the particle diameter,
λ the linear concentration of the solid phase, Γ the shear rate, and
µ the fluid viscosity. The linear concentration is related to the solid
Ba =

fraction by



λ = 1/ (C0 /C )1/3 − 1 .

(3)

For using the mean radial shear rate in Table 1, the Bagnold
number is well below the limit for quadratic variations in the stress
(Ba > 450) and assumes values in the macroviscous region or at
most in the transitional regime. To compute the Reynolds number,
defined as
Re =

U0 D

νmixture

,

(4)
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Fig. 2. Average flow field, 100 frames (∼27 s). The curves limit the wake boundary.

Table 1
Imposed velocity scales.
Imposed
rotation
rate (rpm)

Computed lateral velocity of the
driving wall (mm/s)

Measured asymptotic velocity
of flow U0 (at the transparent
wall) (mm/s)

Mean radial shear
rate (s−1 )

Bagnold
number (.)

Reynolds number (.)

50
100
150

440
880
1320

305
615
920

11.7
23.0
34.8

7.5
15
22

36
72
108

200

1760

760

87.0

56

89

we assume a kinematic viscosity of the mixture equal to

νmixture = 2.2λ3/2 ν.

(5)

Near the obstacle, the proper scale of the shear rate is computed
by using the asymptotic velocity scale and the thickness of the
boundary layer; the linear concentration dramatically increases
and the Bagnold number is much greater than 450.
4. Results and discussion
4.1. Flow velocity fields
The presence of the obstacle modifies the flow patterns, with a
low-velocity zone upstream, a stagnation or dead zone (sediments
at rest) downstream, a boundary layer at the interfaces with the
dead zone and the obstacle, a wake, and a recirculating zone at
the beginning of the wake. The average flow fields (100 couples
of frames, ∼27 s) for all useful tests are reported in Fig. 2, with
details shown in Fig. 3. In the upstream region, a domain of grains
almost at rest and finally at contact with the body is subject to a
strong normal stress transferred by the incoming granular stream.

A network of contact forces among grains represents the ultimate
mechanism of drag action; the grains almost at rest modify the
apparent shape of the obstacle. Stress fluctuations of the incoming
stream prevent static stress transfer and continuously change the
pattern of the network, with worming movement of the grains.
Note that there is no slip condition at the interface with the body
(the obstacle is smooth), but here the grain movement is limited
anyway by the reduced degree of freedom due to increased grain
volume concentration. Occasionally some bulk movement of the
grains near the obstacle occurs, due to stick and slip phenomena
triggered by disturbances in the incoming granular stream, but
the frequency and size of the grain clusters involved are much
smaller with respect to dry granular flow [4]. The lubricating effect
of water favours small adjustments with worming of the grains,
avoiding stress accumulation and hence fast instability of the grain
clusters.
Past the obstacles, grains are shed with respect to the incoming
granular stream, and are solicited by the action of the weak flow
in the recirculating zone. Stress is transferred by a network of
contact forces, but the integral action on the body is negligible.
Essentially, the particles are at rest because a small pressure
guarantees contact with the body and avoids detachment.
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Fig. 3. Mean flow past the circular body. The thick line represents the recirculating
zone. The internal dashed line is the locus of zero velocity, and the external dashed
line limits the wake boundary. The picture is distorted for easier visualization.
Average of 100 frames (∼27 s).
Table 2
Length of the recirculating zone.
Asymptotic velocity
U0 (mm/s)

Reynolds
number (.)

Length of the recirculating zone
(measured from the boundary of
the cylinder body) x (mm)

305 (50 rpm)
615 (100 rpm)
920 (150 rpm)

36
72
108

6 (L/D = 0.24)
10.7 (L/D = 0.43)
10.3 (L/D = 0.41)

760 (200 rpm)

89

7.6 (L/D = 0.30)

This behaviour is different than that observed for dry granular
flows. For a cylinder in a dry granular flow stream [14,4], downstream of the cylinder an empty region occurs, the consequence
of a limited granular temperature that cannot overcome the particle inertia and hence cannot push the grains in the transverse direction. In addition, cohesionless grains cannot sustain the tensile
loads that develop at the trailing edge of the cylinder.
In the wake, there is a deficit of momentum that favours the
transfer of momentum from the external zone. In addition, there
is drag action of the internal cylinder. The defect velocity tends to
decrease downstream, but unfortunately the extent of the wake
cannot be measured properly in the apparatus used for tests.
The recirculating zone is due to the merging of separated shear
layers that form a steady symmetric closed near-wake. In the
recirculating zone (thick line in Fig. 3, computed imposing a zero
net volume flux), there are two counter-rotating vortices, while
the average velocity is a few mm/s. Note that the most correct
computation of the recirculating zone should be based on mass
flux and hence the grain void concentration should be known.
In all tests, the maximum extent downstream measured from
the boundary of the cylinder (Table 2) is a small fraction of the
diameter of the obstacle, except for the maximum rotation rate
test (200 rpm), presumably characterized by instabilities of the
flow. The shape of the recirculating zone is almost independent
of the asymptotic velocity, but its maximum extent tends first to
increase, and then to decrease at higher asymptotic velocities.
On observing the range of the Reynolds number and comparing
it with similar results obtained for cylinders invested by a singlephase Newtonian fluid, we conclude that the regime is viscous
even at the highest incoming asymptotic velocity. The length
variation of the recirculating zone has a similar trend, but is an
order of magnitude smaller. For the granular mixture (present
experiments), for Re < 72, we get
L/D = 0.006Re,

(6)

Fig. 4. Comparison between the flow field measured in the present experiments
(panels (a) and (c)) and computed for a Newtonian fluid by Fornberg [15] (panels
(b) and (d)).

while for homogeneous Newtonian fluids in the range 4.4 < Re <
40 [8], we get
L/D = 0.05Re.

(7)

A comparison between the experimental results of the present
study and the numerical integration results for Newtonian
fluids [15] is shown in Fig. 4. The geometry of the recirculation zone
is very different, especially for increasing Reynolds number. Note
that the results of Fornberg numerical integration give a larger
extension of the recirculation zone with respect to that indicated
in Eq. (7).
4.2. Granular temperature and principal axes of the kinetic stress
tensor
In Fig. 5, the mean variance of the grain velocity (defined as
‘granular temperature’, even though a proportional coefficient is
missing in the expression), expressed as



T = Ux − Ūx

2


2
+ Uy − Ūy ≡ Ux′2 + Uy′2 ,

(8)

is shown for the test with Re = 36. The overbar indicates time
average. The fluctuation is computed with respect to the local
mean for each spatial point.
The granular temperature is the trace of the kinetic stress
tensor (equivalent to the Reynolds stress tensor); it represents a
measure of the grain fluctuations, and, when the transport terms
are negligible, it is usually larger in the source areas. The source is
essentially due to the shear rate, and the granular temperature in
local equilibrium is proportional to the square of the shear rate. In
the present tests, the minimum granular temperature is reached
in the dead zones upstream and downstream, near the boundaries
of the obstacle, where friction is dominant. The hot zones define
the wake; they are due to the high shear rate and they help the
momentum flux from the external zone to the wake, progressively
reducing the defect velocity. The granular temperature distribution
is quite similar for all tests and shows a little asymmetry, with
smaller values near the bottom of the cell. The asymmetry is due
to the increasing grain volume concentration toward the bottom
of the cell, because of the combined (limited) effects of gravity and
the boundary effects imposed by the rigid wall; in fact, at higher
grain void concentrations, collisional and frictional stresses are
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Fig. 7. Measured anisotropy of the granular temperature. Re = 36.

Fig. 5. Mean granular temperature. The ‘cold’ zones are dark.

Fig. 6. Index of turbulence. Average value on 100 frames (∼27 s).

dominant. The observed granular temperature distribution is quite
different from that observed in a dense dry granular flow around
an immersed cylinder [4]. In that case, hot spots occur past the
obstacle where a free surface exists.
The average turbulence index, defined as


γ =

Ux′2 + Uy′2
Ūx2 + Ūy2

1/2
,
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(9)

is shown in Fig. 6. The maxima are in the dead zone, where the
average velocity is almost zero, and fluctuations due to grains
in motion and stick–slip phenomena dominate. Stick and slip
phenomena are regularly observed in dry granular streams but are
also present if a lubricant is present.
Note that the data rate of the frames, 3.75 Hz, and the spatial
resolution of 8d filter most of the high-frequency fluctuations
related to micromechanic collisions, even though the presence
of water as an interparticle fluid favours dampening of these
fluctuations.
If the temperature is isotropic and the cross-correlation terms
are non-zero, the velocity covariance tensor approximates the

kinetic stress tensor and is collinear with the rate of deformation
tensor. There are several reasons for a departure from these
conditions: anisotropy of the granular temperature and shear rate
effects can significantly modify the orientation of the axes. Some
computer simulations reveal the presence of anisotropy in the
temperature and normal stresses, especially for low granular void
concentrations and dissipative particles in a dry granular stream.
According to Campbell [16], the anisotropy should be present only
at low solid fractions, where the kinetic transport of particles,
without collisions, generates a fluctuating velocity perpendicular
to the velocity gradient. In contrast to Campbell’s interpretation,
some experiments [17] report that the granular temperature is
also higher in the stream direction for collisional granular flows
down an inclined plane, independent of the value of the solid
fraction and of the rough bed nature. No explanation is given by the
authors. In general, the effects of pseudotemperature anisotropy
are less evident at high granular void concentrations and high
elastic restitution coefficient of the grains, and are essentially
negligible beyond a critical value of void concentration. The kinetic
component of the stress is only a minor fraction of the total stress
at high void concentrations of sediments computed for the present
mixture. Collisional stress, often with multiple collisions, and
frictional stress dominate, and hence only marginal information
on the stress tensor can be obtained by analyzing the velocity
covariance tensor.
The void concentrations of the grains in the present experiments are relatively high, but the level of dissipation is also high
due the presence of water as the interparticle fluid, and hence
anisotropy in both normal stresses and temperature should be less
evident. Nevertheless, a significant anisotropy of the granular temperature at Re = 36 is evident in Fig. 7. At higher Reynolds numbers, anisotropy is even more evident. As a consequence, a strong
rotation of the axes of the tensor is expected.
In order to check the degree of anisotropy, we compared the
orientation of the principal axes of the two tensors. A similar
analysis was conducted in a dry granular stream with a free surface
in a rotating drum [6], concluding that free surface perturbations
were responsible for streaming but could justify only part of the
non-collinearity of the axes.
The principal axes of the rate of deformation tensor are oriented
as

φD =

1
2

−1

tan



Ux,y + Uy,x
Ux,x − Uy,y


(10)
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Fig. 8. Angle of rotation between the velocity covariance tensor and the rate of
deformation tensor.

(the comma indicates the partial derivative), while the principal
axes of the velocity covariance tensor are oriented as

φ=

1
2


tan

−1



2Ux′ Uy′
U ′2
x

−

.

U ′2

(11)

y

In Fig. 8, a map of the axis rotations (differences between
the nearest principal axes of the two tensors) is shown for one
of the tests (Re = 108). The axis rotation is negligible along
the symmetry line, and increases upstream and in the wake. The
behaviour is almost similar for all tests; such a rotation can be
related to the strong streaming in the region past the body and
possibly to a non-isotropic dependence of the kinetic stress on
the pseudotemperature. In Fig. 9, the principal axes of the velocity
covariance and the rate of deformation tensor for Re = 108 at the
section x = 0 are shown. At least near the cylinder, the axes of the
rate of deformation tensor are almost 45° with respect to velocity
orientation, as expected in a pure shear rate, and the axes of the
velocity covariance are oriented similar to velocity, with a rotation
of 45° instead of 0°. This rotation is almost equal to that observed
in a dry granular stream [6]. Similar behaviour is observed in the
other tests and in different sections.
A normal stress difference has also been derived for homogeneous granular temperature and grain void concentration as a consequence of the Burnett order correction of a
Chapman–Enskog-like expansion of the Boltzmann equation [18].
For slightly anelastic particles at a simple low shear rate, the components of the kinetic stress tensors are

 2
σkx ∝ T + a Ux,y l2
 2
σky ∝ T − a Ux,y l2
 √
τkxy = τkyx ∝ b Ux,y T l,

(12)

where l is the mean free path of the particles and a = 0.3395 and
b = −0.4073 are two coefficients. The ratio between the normal
stresses is equal to

2

T + 0.679 Ux,y l
σkx
≈
 2 ,
σky
T − 0.679 Ux,y l2



Fig. 9. Principal axes of the velocity covariance and the rate of deformation tensor
for Re = 108, section at x = 0.

and the principal axes of the kinetic stress tensors are oriented as

φB =

1
2

 √ 
b T

tan−1

.

aUx,y l

(14)

Note that, in this model, the stress anisotropy is a consequence
of the shear and not of the inelasticity. The computed axis rotation
induced by the Burnett order correction term is shown as a dotted
line in Fig. 9, with the mean free path computed as inversely
proportional to the linear concentration. Unless an exaggerated
mean free path is assumed, the shear rate is responsible for a minor
part of kinetic stress anisotropy and is active only in the zone where
the shear effects overcome the granular temperature effects, near
the body. Note that the Burnett order correction is strictly valid
only if the elasticity of the particles is high, which is not the case
for particles with a liquid as the interparticle fluid.
4.3. Length scales
The correlation functions can provide additional information
on the structure of turbulence through the macroscale and the
microscale. The macroscale Λij_k , corresponding to the crosscorrelation between the velocity components i and j in direction
xk , is generally defined in isotropic homogeneous conditions as

Λij_k =

∞



Rij (1xk ) dxk .

(15)

0

In the flow field of the present tests, both inhomogeneity and
anisotropy occur, and considering the dataset of measurements, a
better definition of the integral macroscale is

Λij_k (xk ) =

1



∞

2 −∞

Rij xk , x′k dx′k ;





(16)

2

(13)

i.e., the integral macroscale refers to cross-correlation in the
direction xk of the two available velocity components, and is
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boundary of the wake, the macroscales increase to ∼50d (almost
equal to the transverse size of the wake), and the streamwise
correlation Λxx_x becomes dominant with respect to the spanwise
correlation (Λxx_y ); i.e., the vortices have an elliptical section with
maximum axis along the main stream direction. When observing
the integral macroscales Λyy_y computed using the autocorrelation
of the spanwise velocity components, a series of stationary periodic
vortices in the external region and near the boundary of the
wake is discovered (Fig. 12). In fact, the scales computed at y =
+20 mm show a periodicity of ∼10 mm (∼26d) in the streamwise
direction, progressively damped downstream. Such periodicity is
also present in the wake, but is not detected for higher Reynolds
number tests.
The Taylor microscale is frequently used, defined as

λ

2
ij_k


 2
 ∂ Rij_k 


= −2 
∂ x2 
k

.

(17)

x k =0

This is not the smallest scale, but is often assumed as the length
scale where most dissipation takes place.
With the goal of finding the relation between the macroscale
and the microscale, we checked the dependence of the Taylor
microscale on the Reynolds number, expressed as
Fig. 10. Autocorrelation function RUx′ Ux′ x = +20 mm, y, y′ of the streamwise
velocity component in the spanwise direction (y) for several points at x = +20 mm
(upstream) Re = 36.





also a function of position. The case i = j is straightforward,
and is computed using the autocorrelation. The computed
autocorrelation functions at x = 20 mm (upstream) and at several
points are shown in Fig. 10.
The integral macroscales represent a characteristic size of the
large eddies advecting the mixture in the corresponding direction
of evaluation. In Fig. 11, the integral macroscales are reported in
the wake (y = 0 and y = +10 mm) and near the boundary with
the external zone (y = 20 + mm). In the middle of the wake,
the eddies are almost symmetric, with Λxx_x ∼ Λxx_y , and with
a size ∼1/3 of the transverse size of the wake, slowly increasing
from ∼10d to ∼20d 40 mm downstream (scales computed using
the streamwise velocity autocorrelation). Moving towards the

ReΛ =

ΛU
,
ν

(18)

with U the local velocity scale. Assuming a local balance in isotropic
turbulence [19], production equals dissipation, and the relation
between the microscale and the macroscale is

λ
−1/2
∝ ReΛ .
Λ

(19)

If the local energy balance is not satisfied, still adopting the
hypothesis of small-scale isotropy at large Reynolds numbers, a
possible expression of this dependence is

λ
∝ RenΛ .
Λ

(20)

While along the axis of symmetry the Reynolds number is very
low and no evident correlation can be drawn, in the external
region near the boundary of the wake (y = +20 mm) the

Fig. 11. Macroscale in the streamwise direction (x) and in the spanwise direction (y) of the streamwise velocity component (Ux′ ) at y = 0 (axis of symmetry of the wake),
y = 10 mm and y = 20 mm. Re = 36.
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Fig. 12. Macroscale in the streamwise direction (x) of the spanwise velocity component (Uy′ ) at y = 0 (axis of symmetry of the wake), y = 10 mm and y = 20 mm. Re = 36.

Taylor microscale (its ratio with the macroscale) decreases with
the Reynolds number more quickly than it generally does in the
case of local energy balance, with n = −0.85 at 100 rpm and n =
−0.6 at 150 rpm. Considering that the Taylor microscale is adopted
as the scale of dissipation, reducing its value to balance energy
production at a faster rate than the local equilibrium hypothesis
means that there is a large influx of energy due to transfer from
other regions of the flow field.
4.4. The wake past the obstacle
Downstream of the obstacle there is the wake, with a mean
velocity lower than the external velocity and an almost symmetric
velocity profile similar to the velocity profile in the wake of a
Newtonian fluid.
In Figs. 2 and 4, the wake is represented as limited by velocity
equal to 50% of the axial defect velocity Us (x) (with respect to
the asymptotic velocity, i.e., the velocity in the external region in
the same section). This definition differs slightly from the classical
defect velocity definition, which refers to the undisturbed velocity.
The local width of the wake l is often assumed as the geometric
transverse scale, whereas the defect velocity is assumed as the
transverse velocity scale.
For turbulent wakes of Newtonian fluids in a two-dimensional
flow field at high Reynolds numbers, the velocity profile becomes
self-similar at a distance >80 D, with l ∝ x1/2 and Us ∝ x−1/2 [19].
The spatial characteristics of the wake for the present tests are
shown in Fig. 13. For the test at Re = 36, the velocity scale has a
logarithmic decay, according to the following expression:
Us
U0

 
β 
x′ − D/2
= ln α
D

(21)

The parameters were computed using the least-squares
method, with R2 = 0.989 at a confidence level of 95%.
In all other tests, the velocity scale decays linearly, according to
the following expression:
Us
U0


=a−b

x′ − D/2
D



for D < x′ < 4D.

Table 3
Parameters of the function in Eq. (22). The uncertainty is at the 95% confidence level.
Test (rpm)

Re

a (%)

b (%)

R2

100
150
200

72
108
89

0.88 ± 1.4
0.93 ± 2.8
0.81 ± 4.7

0.31 ± 4.3
0.33 ± 4.2
0.29 ± 6.4

0.988
0.987
0.972

The values of estimated parameters are shown in Table 3.
Fig. 14 shows the spatial evolution downstream and upstream
of the transversal length scale.
The data are less coherent than for the velocity scale. For the
tests with Re = 72 and Re = 108, the length scale is almost
constant or slightly increasing downstream.
The interpolating functions have the following expression:
l

D < x < 4D with α = 1.57 ± 0.8%;
′

β = −0.33 ± 3.2%.

Fig. 13. Upstream and downstream variation of the velocity scale Us . All tests.

(22)

D


=c

x′ − D/2
D

n

,

D < x′ < 3D,

(23)

with the parameters estimated by the least-squares method shown
in Table 4.
In principle, the behaviour of the wake for the granular stream
generated in the present apparatus should be similar to the
behaviour of a homogeneous Newtonian fluid, because the regime
is macroviscous. In practice, the observed discrepancies can be
attributed to the limited extent of the flow field, which can favour

S. Longo et al. / European Journal of Mechanics B/Fluids 36 (2012) 139–151

149

Fig. 15. Mean vorticity; the values are in s−1 . Re = 36.

Fig. 14. Upstream and downstream transversal length scale. All tests.
Table 4
Parameters of the interpolating function in Eq. (23). The uncertainty refers to a 95%
confidence level.
Test (rpm)

Re

c (%)

n (%)

R2

50
100
150
200

36
72
108
89

1.13 ± 4.6
0.76 ± 4.0
0.72 ± 2.7
0.91 ± 5.1

0.22 ± 27
0.1 ± 65
0.06 ± 73
0.37 ± 22

0.67
0.26
0.23
0.75

effects of the wake on the incoming stream at high rotation rates;
no observation can be confidently made at a distance where selfsimilarity occurs. The expected (modest) grain void concentration
variability is a second source of discrepancies.
4.5. Vorticity and divergence
The flow field is essentially two dimensional, and only the radial
component of the vorticity is present. The average vorticity is
shown in Fig. 15. Two macrovortices are evident near the upper and
lower separation points, and two smaller macrovortices appear in
the recirculating zone. Near the bottom and the free surfaces, there
are some footprints of locally generated vorticity. To compare the
vorticities of different tests, the non-dimensional vorticity

ω
z =

ωz D

(24)

U0

is reported in the vertical at x = 0 (Fig. 16). Except for the
lowest rotation rate, the profile is similar for all tests. Vorticity is
confined within ±0.75D; the maximum non-dimensional intensity
is ±4. The variance of vorticity (not shown) is almost uniform,
with small values in the whole domain. This means that, at least
in the analyzed conditions, no von Karman vortices develop, even
though the frequency of acquisition can be a limiting factor. The
frequency of shedding of the vortices is usually expressed in terms
of the Strohual number and of the Reynolds number. According to
Rayleigh [20], an empirical formula exists:



St = 0.195 1 −

20.1
Re



,

St =

fD
U0

,

(25)

where f is the frequency of shedding. Rayleigh’s expression is
plotted in Fig. 17 with some experimental data [21]. The expected
frequencies of shedding for the present tests are all much larger
than half the frequency of acquisition of the particle image
velocimeter (Nyquist’s theorem requires a frequency of acquisition
at least twice the maximum expected frequency in the signal),

Fig. 16. Non-dimensional vorticity at x = 0. All tests.

except probably for the lowest Reynolds number, which is below
the minimum experimental range that has revealed the shedding
of the vortices.
Fig. 18 shows a typical divergence field. In stationary conditions,
the mass conservation equation for the granular phase can be
written as
U · grad(ln ρ) = −div U,

(26)

where ρ is the bulk density of the grains. Along the symmetry axis,
the spanwise velocity Uy is almost negligible with respect to the
streamwise velocity (it should be rigorously zero), and Eq. (26) can
be integrated to obtain the grain volume concentration:

ρ
C
≡
= exp
ρ0
C0



x
x0

−div U
Ux



dx ,

(27)

where ρ0 is the bulk density of the grains in section x0 and
C and C0 are the corresponding volume concentrations of the
grains. The results of the integration, carried out separately for
the downstream and upstream areas, are shown in Fig. 19. The
uncertainties are high if the velocity is low, i.e., in the zones
near the dead zones. Upstream, the grain void concentration
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Fig. 17. Variation of the Strohual number in terms of the Reynolds number.
: present tests. The dashed curve is an interpolation of the experimental data
in [21]; the bold curve is Rayleigh’s empirical equation (Eq. (25)).
Source: Adapted from [21].
Fig. 19. Bulk density variation along the axis of symmetry. All tests.

Fig. 18. Mean divergence; the values are in s−1 . Dark zones represent positive
divergence. Re = 36.

first decreases then increases again, whereas in the wake it
decreases monotonically downstream. The results represent only
an estimate, because three-dimensional effects play an important
role, especially in these zones. The indicative limit value of bulk
density is shown by the dashed line, but it is affected by a high
degree of uncertainty, considering that even a small increment in
bulk density implies an almost immediate halt of the grains.
5. Conclusions
We have obtained grain velocity measurements in a twodimensional stream of a granular mixture (with water as the
interparticle fluid) around a cylinder. The flow field is similar to
that of a Newtonian fluid. Flow visualization shows a recirculation
zone past the obstacle, a wake zone, and an external zone.

• In the range of the present measurements, with limited
Reynolds numbers, no von Karman vortices develop, though
the limited frequency of acquisition (3.75 Hz) may be not
appropriate to detect them.
• The length of the recirculating zone decreases with the
Reynolds number, as for homogeneous Newtonian flows, even
though it is an order of magnitude smaller.
• Due to temperature anisotropy and large shear, the kinetic
stress tensor and the rate of deformation tensor are not
collinear but are 45° rotated. This value is almost equal to that

observed in a dry granular stream [6]. The rotation can be partly
attributed to shear, on the basis that a Burnett order term correction can also explain the normal kinetic stress difference.
• The integral length scales in the wake slowly increase downstream with respect to the cylinder, suggesting the existence
of symmetric macrovortices ∼1/3 the size of the transverse
wake. Moving towards the external region, the vortices become
elongated in the streamwise direction, with a maximum axis of
the order of the wake transverse size. At low Reynolds number, periodic vortices are also detected, with a periodicity in the
streamwise direction of ∼36d. Checking the balance between
the microscale and the macroscale, an energy flux is detected,
as expected, from the external region toward the wake.
• The velocity scale of the wake decays linearly downstream (except for low mean velocities of the stream), and the transverse
length scale weakly increases. Self-similarity, if any, should be
achieved far from the obstacle and is not measurable in the
present experiments.
• The vorticity scales with the diameter of the obstacle and with
the asymptotic velocity. Vorticity is confined within ±0.75 D
and reaches a maximum intensity equal to ∼4U0 /D.
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