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a b s t r a c t
We consider the motion of shallow two-dimensional gravity currents of a purely viscous and relatively
heavy power-law ﬂuid of ﬂow behavior index n in a uniform saturated porous layer above a horizontal
impermeable boundary, driven by the release from a point source of a volume of ﬂuid increasing with
time like ta. The equation of motion for power-law ﬂuids in porous media is a modiﬁed Darcy’s law taking
into account the nonlinearity of the rheological equation. Coupling the ﬂow law with the mass balance
equation yields a nonlinear differential problem which admits a self-similar solution describing the shape
of the current, which spreads like t(a+n )/(2+n), generalizing earlier results for Newtonian ﬂuids. For the particular values a = 0 and 2, closed-form solutions are derived; else, a numerical integration is required; the
numerical scheme is tested against the analytical solutions. Two additional analytical approximations,
valid for any a, are presented. The space-time development of the gravity current is discussed for different ﬂow behavior indexes.
Ó 2012 Elsevier B.V. All rights reserved.

1. Introduction
Gravity-driven ﬂows in porous media occur when a ﬂuid of one
density intrudes into a man-made or natural porous formation saturated with ﬂuid of a different density. The ﬂow, which is predominantly horizontal, is driven by gravity acting on the different
densities. Important examples include ﬂuid injection in geothermal reservoirs [1], displacement ﬂows in oil reservoirs [2], injection of brines for groundwater cleanup [3], and carbon
sequestration [4,5]. When the interface between the two ﬂuids remains well-deﬁned, a description of its displacement is of great
practical interest, as shown by the ample literature on single-phase
gravity currents in porous media. For their study, a number of analytical and/or numerical solutions were developed under a variety
of conditions: ﬂow over an horizontal impermeable surface in
plane [6] or radial geometry [7], motion over a sloping bottom
[8], ﬂow in fractured media [9], ﬂow over an inclined plane within
conﬁning boundaries [10]; the solutions were often validated
against experimental observation. Many analytical approaches focused on deriving similarity solutions governing the short- or
long-term spreading of the current, in analogy with the general literature on gravity currents in the environment [11–15].
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Several ﬂuids used in the process and oil industries, as well as in
environmental and remediation applications, display non-Newtonian behavior [16–18].
In petroleum engineering, heavy and waxy oils are often found
to exhibit non-Newtonian characteristics at reservoir conditions
[19]. Fluids used to enhance oil recovery from underground reservoirs frequently exhibit shear-dependence of viscosity and other
distinctly non-linear effects, due to the addition of chemical additives, polymeric solutions or foams to the injected water to improve the overall sweeping efﬁciency and minimize the
instability effects [16,20,21].
Environmental contaminants of emerging concern such as
greases, sludges, slurries, asphalts, bitumens, drilling ﬂuids and
oil, often deviate from Newtonian behavior [22]. Nonlinear rheological properties are also displayed by colloidal substances [23]
or biosuspensions [24] injected into contaminated soils to remove
liquid pollutants.
It is therefore of interest to extend the study of gravity currents
in porous media to the non-Newtonian case, in order to investigate
the impact of the nonlinearity of the ﬂow law on the current
spreading. We do so for a power-law ﬂuid, whose motion is described by a modiﬁed Darcy’s law taking into account the nonlinearity of the rheological equation, and for a plane current driven
by the instantaneous or maintained injection of a volume of ﬂuid.
A solution to the problem is derived in self-similar form, generalizing the approach adopted for Newtonian ﬂuids [6,7]. An analogous
solution was obtained in [25] for injection in a porous medium at
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assigned ﬂuid depth and in [26] for release of a constant volume in
radial geometry.
As implied earlier, in our analysis of the displacement phenomenon we assume the absence of ﬁngering instabilities, described in
the classical paper by Saffman and Taylor [27]. In the review by
Homsy [28] three patterns of instabilities are analysed in deeper
detail: (1) instabilities driven by the difference in viscosity and
inﬂuenced by the diffusive mixing between the ﬂuids; (2) instabilities driven by both gravity and viscosity; (3) instabilities resulting
when a low-viscosity Newtonian ﬂuid is injected from a source in a
porous medium ﬁlled with a miscible but strongly non-Newtonian
ﬂuid. This last pattern, albeit not relevant to the present study,
incorporates a non-Newtonian nature at least of one of the two ﬂuids. More recently, the peculiar nature of Saffman–Taylor instability for non-Newtonian ﬂuids was studied experimentally for
polymer solutions described by the power-law model [29], and
theoretically for different constitutive equations in [30]. In general,
viscous ﬁngering involving non-Newtonian ﬂuids is receiving a lot
of attention in the literature, but much effort is still needed, also
because the variety of possible combinations of different rheological models is extremely wide.
The present paper is organized as follows. In section 2, the formulation of the ﬂow law for a non-Newtonian power-law ﬂuid is
reviewed. In section 3 the problem is formulated and solved in
dimensionless form via analytical/numerical methods; results for
shape factors, current length and proﬁle are discussed as functions
of ﬂow behavior index and type of injection. Two methods to derive an approximate analytical solution to the general problem
and a particular solution valid for inﬂow rate linearly increasing
with time are then presented. A further discussion and conclusions
are reported in section 4.
2. Flow law for non-Newtonian ﬂuid ﬂow in a porous medium
The non-Newtonian ﬂuid is described by the rheological
Ostwald–deWaele power-law model, given for simple shear ﬂow
by

s ¼ mc_ jc_ jn1 ;

ð1Þ

in which s is the shear stress, c_ the shear rate, m the ﬂuid consistency index (dimensions [ML1T n2]) and n the ﬂow behavior index
(a positive real number). When n < 1, =1 or >1 the model describes
respectively shear-thinning, Newtonian, or shear-thickening behavior. The power-law model is a simpliﬁcation of more complex
stress-shear rate relationship: for ﬂuids ﬂowing in porous media
this includes effects such as time-dependent behavior [18], a
Newtonian plateau in the apparent viscosity for low shear rates
[16], nonzero yield stress [19]. Nevertheless, in many instances
the model represents well the behavior of ﬂuids of interest over a
considerable range of shear rates, and is a good approximation of
a Herschel–Bulkley model for vanishing values of the yield stress.
The ﬂow law for the ﬂuid is a modiﬁed Darcy’s law taking into
account the nonlinearity of the rheological Eq. (1), originally proposed in [31], retaken and veriﬁed experimentally by [32], and later adopted by other authors [16,25,33–39]

rP ¼ 

leff
k

jujn1 u;

47

where / denotes the porosity. For n = 1, the effective viscosity leff
reduces to conventional viscosity l [ML1T 1], and Eq. (2) reduces
to Darcy’s law rP = (l/k)u. Alternative formulations of the ﬂow
law retaining the same structure of (2) have been proposed in the
literature: according to [40–45] r P = (m/k⁄)jujn1u, where k⁄ is
the generalized permeability having dimensions [Ln+1]; upon comparing the latter expression with (2) it is seen that leff/k = m/k⁄. A
macroscopic law of the form (2) was obtained for power-law ﬂuid
ﬂow by [46] via numerical simulations of at the pore scale based
on smoothed particle hydrodynamics, and by [47] with network
modeling. In [48], the nonlinear ﬂow law is written as
u = Kjuj1nrP, where K [M1L(2+n)T (2n)] is a function of n.
It is convenient to write (2),(3) as [49]

rP ¼ 

1
ð1þnÞ=2

Kk

K ¼ Kð/; m; nÞ ¼

jujn1 u;

n ðn1Þ=2
8ðnþ1Þ=2
n
/
3n þ 1
2
m

ð4Þ

highlighting the dependence upon permeability k.
3. Problem formulation
Consider the motion of a two-dimensional (plane) gravity current of a non-Newtonian ﬂuid of uniform density q introduced at
the base of a porous medium layer of depth h0, saturated with
immiscible ﬂuid of uniform density q  Dq, above a horizontal
impermeable boundary as sketched in Fig. 1.
The gravity current has a height h(x, t) and extends to a coordinate denoted by xN(t); any secondary motion induced by the current is considered to be negligible, on the assumption that the
overall domain thickness is decidedly larger than that of the
intruding layer, and the corresponding velocity much smaller.
Indicating with u and w the Darcy velocities in the x and z direction, a balance of terms in the continuity equation @u/@x + @w/
@z = 0 yields w  eu, where e is the current depth/length ratio;
assuming e  1 (a thin intruding current) leads to ﬁrst-order to
motion parallel to the boundary. Then the Darcy velocity in the x
direction is given by the one-dimensional counterpart of Eq. (4),
which reads for horizontal ﬂow with @p/@x < 0


1=n
ð1þnÞ=2 @p
uðx; tÞ ¼ Kk
:
@x

ð5Þ

In the shallow water approximation, the pressure within the intruding ﬂuid layer (0 6 z 6 h) is hydrostatic and given by [6,7]

ð2Þ

where P = p + qgz is the generalized pressure, p the pressure, z the
vertical coordinate, q the ﬂuid density, g the speciﬁc gravity, u
the Darcy velocity [LT 1], k the intrinsic permeability coefﬁcient
[L2], and leff the effective viscosity [MLnT n2]; the mobility ratio
k/leff is a function of m, k, /, n according to [35]

k

leff

¼


n  ð1þnÞ=2
1
n/
8k
;
2m 3 þ n
/

ð3Þ

Fig. 1. Sketch of the gravity current of density q and height h(x, t) intruding into a
porous medium saturated with ﬂuid of density q  Dq.
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pðx; z; tÞ ¼ p1 þ Dqghðx; tÞ  qgz;

ð6Þ

where p1 = p0 + (q  Dq)gh0 is a constant, and p0 is the constant
pressure at z = h0. The pressure gradient driving the ﬂow is thus related to the gradient of the unknown free surface by

@p
@h
¼ Dq g ;
@x
@x

ð8Þ

For one dimensional transient ﬂow, the local continuity condition
takes the form [6]

@
@h
ðuhÞ ¼ / :
@x
@t

ð9Þ

Substituting Eq. (8) into Eq. (9), we obtain the nonlinear partial
differential equation governing the unknown free-surface height
h(x, t)
ð1þnÞ=2n

" 
1=n #
@
@h
@h
¼ :
h 
@x
@x
@t

ð10Þ

Consider the ﬂux to be such that the total volume per unit width of
the dense ﬂuid in the porous medium at any time is given by qpta,
where both qp ½L2 T a  and a are constant; a value a = 0 implies an
instantaneous release of a ﬁxed volume per unit width qp, while
a = 1 indicates the release at a constant volume ﬂux. The global
mass balance equation then reads

Z

xN ðtÞ

ð19Þ

while Eqs. (16) and (12) transform respectively into


1=n
@h
ð1þnÞ=2n
uðx; tÞ ¼ ðKDqgÞ1=n k

:
@x

/

" 
1=n #
d
dU
a þ n dU aðn þ 1Þ  n
f
U 
U ¼ 0;
þ

df
2 þ n df
2þn
df

ð7Þ

where any capillary forces (surface tension) between the two ﬂuids
have been neglected; hence there is no capillary entry pressure limiting the migration of the injected ﬂuid through the pores of the
medium. Introducing Eq. (7) into Eq. (5), we ﬁnd that

ðKDqgÞ1=n k
/

with f being the reduced similarity variable. Substituting Eqs. (17)
and (18) in Eq. (15) yields

hðx; tÞdx ¼ qp ta :

nN ¼

Z

1=ð2þnÞ

1

UðfÞdf

;

ð20Þ

0

Uðf ¼ 1Þ ¼ 0:

ð21Þ

Once nN is determined, the (dimensionless) length of the gravity
current at a given time is given by

X N ðTÞ ¼ nN T ðaþnÞ=ð2þnÞ :

ð22Þ

For n = 1, governing equations and results reduce to those derived
for a Newtonian ﬂuid by Huppert and Woods [6] in dimensional
form. It follows from (22) that the velocity of the current tip is proportional to T (a2)/(2+n), i.e. the current accelerates or decelerates
depending whether a > 2 or a < 2.
In the case a = 0 (instantaneous release of a ﬁxed amount of
ﬂuid), the problem is amenable to an analytical solution. Assuming
a solution of the form U(f) = a(1  fb), which satisﬁes the boundary
condition (21), substituting in Eq. (19) and equating the exponents
in order to have equal order monomials, the exponent b is ﬁrst
evaluated; then equating the coefﬁcients of the equal order monomials the coefﬁcient a is computed and the following analytical
solution is obtained:

UðfÞ ¼

"
#1=ð2þnÞ
nn
nn
nþ1
ð1

f
Þ
and
n
¼
: ð23Þ
N
ð2 þ nÞn ð1 þ nÞ
ð2 þ nÞnþ1

ð11Þ

0

The mathematical statement of the problem is completed by the
boundary condition

hðxN ðtÞ; tÞ ¼ 0:

ð12Þ

For a Newtonian ﬂuid, Eq. (23) reduce to Eq. (3.7) in [6]. Integrating
Eq. (19) between f and one results in


1=n
Z
dU
aþn
a 1


Udf ¼ 0:
f
2þn
df
U f

ð24Þ

Eqs. (10)–(12) may be non-dimensionalized by setting

T¼

t
;
t

X¼

x
;
x

XN ¼

xN
;
x

H¼

h
;
x

ð13Þ

where the time, space, and velocity scales are

t ¼



qp

1=ð2aÞ
;

/V 2

x ¼ V  t  ;

ð1þnÞ=2n

V ¼ ðKDqgÞ1=n k

=/;

ð14Þ

thereby generalizing to non-Newtonian case the choice of [8]; the
special case a = 2 will be covered later in Section 3.2.
This recasts Eqs. (10) and (11), respectively, in the following
dimensionless form

" 
1=n #
@
@H
@H
¼
H 
;
@X
@X
@T
Z XN
HdX ¼ T a ;

ð15Þ
ð16Þ

0

while Eq. (12) is unchanged in dimensionless variables. We then
introduce the similarity variable

n ¼ XT ðaþnÞ=ð2þnÞ ;

ð17Þ

and denote the value of n for X = XN(T) by nN. Then the similarity
solution of Eqs. (15),(16) with Eq. (12) is of the form
ðnþ1Þ ½aðnþ1Þn=ð2þnÞ

HðX; TÞ ¼ nN

T

UðfÞ;

f ¼ n=nN ;

ð18Þ

In the limit a ? 0 the last term is null and Eq. (24) can be directly
integrated yielding the solution (23).
In the limit f ? 1 the last term is still null because the integral is
a polynomial of higher order than the denominator, hence one
obtains




dU
aþn n
¼

;
2þn
df f!1

ð25Þ

while the limit f ? 0 leads to


Z 1
n
dU
an
¼

U
df
:
n
df f!0
U
0

ð26Þ

In the case of arbitrary a (except a = 2, see Section 3.2), Eq. (19) can
be solved numerically with the second boundary condition given by
Eq. (25). Note that the condition expressed by Eq. (21) reduces the
order of the differential equation introducing an irregular behavior
of the solution near the current tip. To handle this singularity we
consider the ﬁrst order solution near the current tip obtained integrating Eq. (25):

Uðf ! 1  eÞ ¼



n

aþn
2þn

e þ Oðe2 Þ;

where e is a small quantity. By assuming

ð27Þ
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aþn n
Uðf ! 1  eÞ ¼
e;
2þn


n
dU
aþn
¼
;
2þn
df f!1e

49



ð28Þ

with e ? 0, the singular regular point is handled. The numerical
integration of Eq. (19) with boundary conditions (28) in the domain
[0, 1  e] is performed by using Wolfram MathematicaÒ 7 routines,
with 20 digits of accuracy and 20 digits of precision in the ﬁnal result and 25 digits of precision in internal computations; the correctness of the numerical results is checked by comparison with the
analytical solution, obtaining an error of order e2 as expected.
The resulting shape factors U are illustrated in Fig. 2 for different values of ﬂow behavior index n and parameter a, together with
the analytical solution for a = 0.
The shape factors in Fig. 2 increase with a, due to the larger volume released into the domain, and moderately decrease with
increasing n. In the origin the shape factor is horizontal only for
a = 0, as shown by Eq. (26); this is because the mass ﬂux continually introduced for a > 0 induces a surface slope in the origin. When
compared to results valid for free surface ﬂows (see [11] for the
Newtonian case, and [50] for the non-Newtonian one), the shape
factors in Fig. 2 exhibit a difference in their slope at the current
tip (f = 1); in a porous medium said slope has a ﬁnite value,
decreasing with increasing n, while free-surface shape factors have
a vertical tangent in f = 1.
The similarity variable at the current tip nN, evaluated from the
numerical solution using Eq. (20), is depicted in Fig. 3 as a function
of a. nN shows lower values for shear-thinning than for shear-thickening ﬂuids when a < 1; the reverse is true for a > 1 ; the dependence of nN on the value of ﬂow behavior index n is modest.
The time evolution of the current length XN is shown in Fig. 4 for
an instant release of ﬂuid (a = 0) and for constant ﬂuid inﬂow rate
(a = 1), i.e. the two most realistic release conditions, considering
different values of n. In both cases, for T < 1, the current head advances farther as n decreases; the reverse is true for T > 1.
Figs. 5 and 6 show the proﬁles of the current at different times
and values of n, respectively for a = 0 and 1. For the case of an
instantaneous injection shown in Fig. 5, the released ﬂuid volume
slumps down more rapidly for shear-thickening gravity currents

Fig. 3. Values of nN as a function of a for different values of the ﬂow behavior index
n.

than for Newtonian or shear-thinning ones. As a result, depth proﬁles of the former are more elongated than proﬁles of the latter;
the same behavior was observed for free surface gravity currents
of power-law ﬂuids [50]. When a constant inﬂow rate is considered
(Fig. 6), the former observation still holds; the surface slope in the
origin decreases for increasing ﬂow behavior index.
3.1. Approximate solution for generic values a and n
In this section, we consider two different methods to obtain an
approximate solution valid for generic values of a and n.
We ﬁrst consider a series expansion of the shape factor near the
current tip (f = 1). Introducing the variable v = 1  f, Eq. (19) transforms into

"   #
1=n
d
dU
aþn
dU aðn þ 1Þ  n
ð1  vÞ

U
þ
U ¼ 0:
þ
dv
2þn
2þn
dv
dv

ð29Þ

We look for the solution given by a Frobenius series,

UðvÞ ¼

1
X
ak vkþb as

v ! 0;

ð30Þ

k¼0

Fig. 2. Shape factor U as a function of scaled similarity variable f for ﬂow behavior index n = 0.5 (a), n = 0.75 (b), n = 1.0 (c) and n = 1.5 (d). Curves represent numerical
solutions of (19) for a ranging between 0 and 1.5; dots represent the analytical solution (23).

50

V. Di Federico et al. / Journal of Non-Newtonian Fluid Mechanics 177–178 (2012) 46–53

Fig. 4. Current length as a function of time for different values of ﬂow behavior index n: (a) instantaneous release of ﬂuid a = 0; (b) constant inﬂow rate a = 1.

Fig. 5. Proﬁles of the current at different times for ﬂow behavior index n = 0.5 (a), n = 0.75 (b), n = 1.0 (c) and n = 1.5 (d) for an instantaneous release of ﬂuid (a = 0).

Fig. 6. Proﬁles of the current at different times for ﬂow behavior index n = 0.5 (a), n = 0.75 (b), n = 1.0 (c) and n = 1.5 (d) for constant inﬂow rate (a = 1).
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where b is the indicial exponent. This series automatically satisﬁes
the boundary condition U(v ? 0) = 0. Its derivative and 1/n power
are respectively equal to
1
dU X
¼
ak ðk þ bÞvkþb1
dv k¼0

ð31Þ

 1=n

X 
1=n
dU
ða0 bvb1 Þm0
¼
dv
m0 ;m1 ;...mk m0 ;m1 ;. .. ;mk
1

1

 ½a1 ðb þ 1Þvb m1   ½ak ðk þ bÞvkþb1 mk ¼ an0 bn v

b1
n

þ .. .

ð32Þ

where the summation is taken over all sequences of indices m0
through mk such that the sum of all m is 1/n and the symbol





1=n

¼

m0 ; m1 ; . . . ; mk

ð1=nÞ!
m0 !m1 !    mk !

ð33Þ

is the multinomial coefﬁcients expression. Substituting (31) (32),
(33) in Eq. (29) the following expression is obtained:
nþ1

1

 a0n bn




b1
þb
n



b1

v n þb1 þ    þ

1
nþa X
ak ðb þ kÞvbþk1
2 þ n k¼0

1
1
nþa X
að1 þ nÞ  2n X
ak ðb þ kÞvbþk þ
ak vðbþkÞ ¼ 0;
2þn
2 þ n k¼0
k¼0

ð34Þ

where for simplicity only the ﬁrst term in the expansion of
(dU/dv)1/n is written in explicit form. Equating the lowest powers
of v (for k= 0) we ﬁnd the indicial exponent to be b = 1.
Equating the coefﬁcients of the different powers of v to zero, all
the coefﬁcients ak are derived. The ﬁrst three are:

a0 ¼ f n
a1 ¼

a0 nðg  f Þ

ð35Þ

1=n

2ð2 þ nÞa0  2fn
1=n1

a2 ¼

a1 n2 ð2f  gÞ þ 6a0
a2
h
i 1
1=n
3n nf  a0 ð3 þ nÞ

aþn
2þn


n
Z
aþn
a 1
f
U0 df ;

2þn
U0 f

n
Z
dU2
aþn
a 1
f
U1 df ;
¼ 
2þn
df
U1 f
dU1
¼
df

ð38Þ

...

where

f ¼

Fig. 7. (a) Shape factor U versus f obtained numerically and analytically with the
Frobenius series approximation for n = 2, a = 1. The bold line is the numerical
integration, the dash-dot line, the dotted line and the dashed line are the series
plots with 2, 3 and 4 terms. (b) Deviation between analytical and numerical results.

;g ¼

aðn þ 1Þ  n
2þn

:

ð36Þ

dUr
¼
df


n
Z 1
aþn
a
f
Ur1 df ;

2þn
Ur1 f

Fig. 7a compares the shape factor obtained integrating numerically (19) and by means of the approximate analytical solution
with k = 2, 3 and 4, for the case n = 2 and a = 1; Fig. 7b shows the
deviation of the approximate analytical solution from the numerical one; for k = 4, the two results are practically coincident. Note
that the series expansion (30) gives an excellent approximation
of the solution in the whole domain, even though the Frobenius
series is developed near the tip of the current. An analogous comparison conducted for other values of a and n yields similar results
(not shown).
At the current tip f = 1, the ﬁrst derivative of the shape function
takes the value:




dU
aþn n
n
¼
f


2þn
df f¼1

ð37Þ

coincident with the expression obtained by different arguments in
Eq. (25).
An alternative approximation involves an expansion of Eq. (24)
for small a followed by an integration by iteration [51] assuming

Fig. 8. Shape factor U versus f obtained numerically and analytically with the
integration by approximation for n = 2, a = 1. The bold line is the numerical result,
the dotted line is the analytical solution U0 (23), the dashed line is the ﬁrst iteration
U1. The second iteration U2 is almost coincident with the numerical result.
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where U0 is the analytical solution for a = 0, U1 is the solution after
the ﬁrst iteration, and so on. The convergence is very fast, as shown
in Fig. 8 for the case n = 2, a = 1, where a single iteration gives a
marked improvement over the analytical solution and a good agreement with the numerical one. The above approximation is of order
anr with a better approximation for smaller values of a. The limitation of this method is the difﬁculty to solve analytically the
integrals.
3.2. The special case a = 2
We note that if a = 2, the non-dimensional form given by Eq.
(13) breaks down in the absence of the characteristic time scale deﬁned in Eq. (14); further, an additional natural velocity scale arises
beyond V deﬁned in Eq. (14), namely (qp//)1/2. We then deﬁne an
arbitrary time scale ~t  ; a spatial length scale ~
x ¼ ðqp =/Þ1=2~t  and
e ¼ t=~t ; X
e ¼ x=~
e N ¼ xN =~
e ¼ h=~
dimensionless variables T
x ; X
x ; H
x .
In these new variables, the problem becomes

2
!1=n 3
e
e
@ 4e
@H
5 ¼  @H
H 
dp
e
e
@X
@X
@ Te
Z eX N

ð39Þ

e X
e ¼ Te 2 ;
Hd

0

where dp = V/(qp//)1/2 is the ratio between the two velocity scales in
e T
e and perthe problem. Deﬁning the self-similar variable as n ¼ X=
forming the same mathematical manipulations as in the general
e X;
e T
e Þ ¼ nnþ1 T Uðn=nN Þ, where
cases, the current height becomes Hð
N
the shape factor U is given by

dp

" 
1=n #
d
dU
dU
U 
þ U ¼ 0:
f
df
df
df

ð40Þ

Eq. (40) with (20), (21) has the closed-form solution

U¼

 n
1
ð1  fÞ and nN ¼ ð2d2p Þ1=ð2þnÞ :
dp

ð41Þ

The shape factors for this special case are shown in Fig. 9 for different values of ﬂow behavior index n and parameter dp; its inspection
shows that as dp increases, the shape factor decidedly decreases;
this is so since dp represents the ratio between the product of factors
favouring the current spreading (density difference, domain permeability, and reciprocal of porosity included in the deﬁnition of V)

and the source strength. The shape factor decreases with increasing
n for dp P 1; the reverse is true for dp < 1.
4. Discussion and conclusions
We analyzed the horizontal spreading of non-Newtonian
power-law gravity currents in a porous layer initially saturated
with an ambient ﬂuid of lower density for two-dimensional ﬂow.
The derived set of equations possesses self-similar, closed-form
solutions for the instantaneous release of a ﬁxed volume of ﬂuid
and for a linear increasing inﬂow rate (a = 2). Setting the ﬂow
behavior index n = 1 reduces our solutions to those obtained earlier
by [6].
The most interesting results are simple analytical solutions to a
relatively complicated non-linear differential problems. These
solutions can be used as a benchmark for the numerical algorithms
and, by analogy, can be used for solving other similar physical
problems. As for a Newtonian ﬂuid [6] there are no undetermined
parameters in the solution; this is a consequence of having neglected the motion of the external ambient ﬂuid.
As for viscous free-surface gravity currents [11], the solution is
completely independent on the details near the current tip, since
the boundary conditions (28) are not externally imposed but derive from an analysis of the differential equation. Hence any further
detailed analysis of the behavior near the current front shall affect
the solution only locally, without modifying the current proﬁle. We
can infer that also for non-Newtonian ﬂows in a porous medium
this insensitivity to the front effects is limited to low Reynolds
number and high Bond number (negligible effects of surfacetension).
The differential problem has a singularity in the origin, where
the boundary condition induces a reduction of the order of the differential equation. The origin is a ﬁxed regular singular point;
hence following Fuchs Theorem (see [52]) at least one solution of
the following form, which can be expressed as a Taylor series with
a ﬁnite radius of convergence, is expected

ð1  fÞb AðfÞ;

ð42Þ

where A(f) is analytical in the current tip. The radius of convergence
must not include other possible singularities. For a linear differential equation of order 2, a second linearly independent solution having the form

ð1  fÞd BðfÞ or ð1  fÞb AðfÞ lnð1  fÞ þ CðfÞð1  fÞd

Fig. 9. Shape factor for a = 2 (Eq. (41)) for dp = 0.2, 1.0, 5.0 and ﬂow behavior index n = 0.5 (a), n = 0.75 (b), n = 1 (c) and n = 1.5 (d).

ð43Þ
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is expected, where A(f), B(f) and C(f) are analytic functions at f = 1.
While for a linear differential equation knowledge of two independent solutions implies the complete solution of the differential
problem, this result is not guaranteed for a non-linear differential
equation. Therefore, in addition to the analytical solutions (e.g.
Eqs. (23) and (41)), there may still be other special solutions not obtained for any choice of the parameters.
In absence of known analytical solutions for generic a and n,
two different approximations were presented. The ﬁrst is a development in Frobenius series near the current tip and which holds
also near the origin; the large range of validity of the approximation is due to the absence of other ﬁxed or movable singularities,
hence there are no limitations on the radius of convergence. The
computation of the coefﬁcients is cumbersome but can be handled
to every order with symbolic software like Mathematica or Matlab.
The second is an iterative computation of a series in terms of a,
which is an excellent approximation for small a but cannot be extended to too many iterations due to the difﬁculties in solving the
integrals.
Our results demonstrate that the shape of the current is mostly
sensitive to the rate of increase of injected volume and moderately
to ﬂow behavior index; for an instant release of ﬂuid and for constant ﬂuid inﬂow rate, the current length depends inversely on
ﬂow behavior index for early times (T < 1), and directly for late
times (T > 1). The case of linearly increasing ﬂow rate (a = 2) acts
as a transition between decelerating and accelerating currents.
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Equation 3 p.47 is erratum:
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