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ON DEFORMATIONS OF COMPACT BALANCED MANIFOLDS

ALBERTO SARACCO AND ADRIANO TOMASSINI

(Communicated by Franc Forstneric)

ABSTRACT. We study suitable deformations of the complex structure on a
compact balanced manifold (M, J, g,w), naturally associated with cohomology
classes in H2(M,R). We construct curves of balanced structures on a compact
holomorphically parallelizable 5-dimensional complex nilmanifold and of half-
flat structures on a compact complex 3-dimensional solvmanifold respectively.

INTRODUCTION

Let (M, J) be an n-dimensional complex manifold. A Hermitian metric g on
(M, J) is said to be balanced (see [16]) if

dw" 1 =0,

where w(-,-) = g(J-,+) is the fundamental 2-form of g. Equivalently, ¢ is balanced
if w is co-closed, namely d*w = 0, where d* is the codifferential of d. The pair
(J,g), where J is a complex structure and g is a J-Hermitian balanced metric on
M respectively, is a balanced structure on M. We will refer to (M, J,g,w) as a
balanced manifold.

In the terminology of A. Gray and L. M. Hervella (see [I0]), a Hermitian metric
g on a 2n-dimensional almost complex manifold (M, J) is said to be semi-Kdhler if
the fundamental form w satisfies dw™ ™! = 0.

The existence of a balanced metric on an n-dimensional compact complex man-
ifold (M, J) has been intrinsically characterized by M. L. Michelsohn in terms of
currents (see [16, Thm. 4.7]). For construction of balanced structures see also e.g.
[9], [19] and the references therein.

The class of compact balanced manifolds have the nice property of being invariant
under modifications. More precisely, in [2 B], L. Alessandrini and G. Bassanelli
showed that if M and M are compact complex manifolds and f : M — M is
a modification, then M is balanced if and only if M is balanced. In particular,
modifications of compact Kéhler manifolds are always balanced.

In contrast with the Kéhler case, compact balanced manifolds are not stable
under small deformations of the complex structure (see [I, Prop. 4.1]). Therefore,
given a compact balanced manifold, it is natural to look for those deformations of
the complex structure which remain still balanced.
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642 ALBERTO SARACCO AND ADRIANO TOMASSINI

To such a purpose, one can select suitable deformations of the complex structure
on a compact balanced manifold (M, J, g, w) naturally associated with cohomology
classes and giving rise to curves of balanced structures. More precisely, starting with
a balanced manifold (M, J, g,w), we consider cohomology classes [¢] € H?(M,R),
where 1) is the harmonic representative of the class such that there exists a curve of
balanced structures (Ji, gt, w;), for small real ¢, with w; = w+t +o(t) and Jy = J.

The idea to associate curves of almost complex structures with cohomology
classes has been used already by J. Lee in [I3] in the context of J-holomorphic
curves, by P. de Bartolomeis in [6] in relation to symplectic deformations of Kéhler
structures, and by P. de Bartolomeis and F. Meylan [7] in deformations of C'R-
structures. In particular, in [6] cohomology classes giving rise to curves of Kahler
structures on a compact Kéhler manifold (M, J, g,w) are characterized.

The situation in the balanced case seems to be more complicated than in the
Kahler one. In many cases there simply are no complex deformations such that the
deformed structure is integrable.

However, it may happen that the deformation preserves some weaker but still
interesting geometrical properties of the manifold, as for instance the half-flat one.
According to [E], an SU(3)-structure (J,w, ¥) on a 6-dimensional (real) manifold
M is said to be half-flat if the non-degenerate 2-form w and the complex volume
form ¥ satisfy the following conditions:

dwAw)=0, d(ReV)=0.

It is known that hypersurfaces in 7-dimensional manifolds with exceptional holo-
nomy G have a half-flat structure given by the restriction of the holonomy group
representation. Conversely, starting with a half-flat manifold, if certain evolution
equations admit a solution coinciding with the initial structure at time zero, then
the construction can be reversed, giving rise to a manifold with holonomy contained
in Gy (see [12]).

In this paper, after recalling the differential graded Lie algebras setup on complex
manifolds, the general construction of curves of complex structures starting with
real 2-cohomology classes and the basic facts on deformation theory of complex
structures (see Sections [Il and ), we will construct curves of balanced structures
on a compact holomorphically parallelizable 5-dimensional complex nilmanifold M,
obtained as a compact quotient of the 5-dimensional complex nilpotent group (see

e.g. [I7):

1 Z1 23 25
G=(AeGL(4C) | A= 00 1 2 |° zeC,j=1,...,5
00 0 1

It turns out that some but not all cohomology classes produce curves of balanced
structures. Indeed, we have the following:

There is a 4-dimensional subspace W C H?(M,R) such that the harmonic rep-
resentative 1 of every cohomology class in W gives rise to a curve of balanced
structures on M, whose fundamental forms are given by

wy = w + tY + oft)

(see Theorem 3.1 for the precise statement).
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ON DEFORMATIONS OF COMPACT BALANCED MANIFOLDS 643

Finally, in the last section we construct curves of half-flat structures deforming a
balanced structure on a compact solvmanifold N endowed with a complex structure.
We obtain the following:

Theorem 4.1. The harmonic representative ¢ of every cohomology class in
H?(N,R) gives rise to a curve of half-flat structures on N, whose fundamental
forms are given by wy = w + t + o(t).

1. COMPLEX STRUCTURES AND DGLA

Let (M, J) be an n-dimensional compact complex manifold. We recall the defi-
nition of the differential graded Lie algebra, DGLA for short, governing the small
deformations of J. Let Qg’p(M) be the space of sections of the bundle Ag’q(M) of
(0, q)-forms on (M, J). Denote by I'(M, A%P(M) @ TH°M) the space of sections of
the vector bundle A®P(M) @ T1OM. Set

- {F(M, AOP(M) @ TYOM), f0<p<n,
=

0 otherwise ,
and define
A=PA,.
PEZ
The bracket [[,]] and the 0 j-operator are defined as follows.

Definition 1.1. The bracket
1] Ap x Ay = Apyy
is defined in the following way:
e For every pair Z, W € A set

[z W]] =z, W],
where [,] is the usual bracket between complex vector fields.
e For every ¢ € Ay and Z € Ay, [[¢, Z]] = —[[Z, ¢]] € A; is defined as

e, 21T = (), 2] + 50(12, ] + 812, 7).
e For every ¢ € Ay, [[p, ¢]] € Az is defined by

[, 0ll(Z. W) = 2(p(Z), p(W)] = 20 ([0(Z), W] + [Z,o(W)]) .
e For every ¢,v € Ay, define [[p, Y]] € As as

([, ¥]] = % ([l +9), (o + D) = [l ] = [, 1)) -

e For every a € QOJ’p(M), B e Qg’q(M), v, Y € A, set

fane,BAY)] = (=1)7aABA[e,d]+ (=1)P(Tpa) A\BA g
+aA(TB) A,

where T, is the skew-symmetric derivation of degree 1 of Q%*(M) such
that, for every smooth function f, (T,f)(Z) = ¢(Z)(f), and, for every
a € QYN (M),

(To0)(Z, W) = ¢(Z) (a(W)) — (W) (a(Z)) — a ([0(2), W] + [Z, o(W)]) -
e Finally, extend [[,]] by bilinearity to any pair of elements of A.
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644 ALBERTO SARACCO AND ADRIANO TOMASSINI

Definition 1.2. The 9 ;-operator is the map
5.] : Ap — .Ap+1
defined by:
i) For every Z € Ay, set
1, o
(8JZ)(W) = 5 ([Wa Z] - Z‘][Wv Z]) 5
for every vector field W of type (0, 1).
ii) For every ¢ € Ay, set
Dse)(Z,W) = (050(W)) Z = (050(2)) W — o([Z,W]),
for every pair of vector fields Z,W of type (0,1).
iii) Extend 0 to A, by Leibniz rule, i.e.

Orlang)=0;ahp+ (—1)PaAdjp,
for every a € Q%P (M), p € A;.

Note that, for any ¢ € A,, ¢ € Ag, p € A, it can be checked that

2) [, [[¥, pll 1] = ([l ¥11, pl] + (=1)P[[0, [[0, pl] 1]
3) 9, =0, ~ -
4) 9slle, ¥l = (059, Y]l + (=1)P[[e, 0 5¢]].

Therefore, (A, [[,]],ds) is a DGLA.
Remark 1.3. Note that the theory can be set in real terms. To this purpose, let
AY = {peD(M,AP(M)@TM)|p(Xy,...,JX;,...,X})
= —Jp(X1,....X,),Vi=1,...,p},
e.g. AX is the space of smooth vector fields and
AR = (L € End(TM) | LJ + JL =0}.

Let m : TM — TYOM be defined as

m(X) = %(X —iJX).
Then every element L € A5 can be identified with a real form m(L) € A, by
setting

m(L) = %(L —4JL).
The inverse of m is defined by

mY(R)=R+R.

In particular, for every pair of vector fields X, Y,
_ 1
[X, Y]] = m™H [[m(X), m(V)]] = 5 (X, Y] = [JX, JY]) ,

and for every vector field X € Af,

(0, X)(Y) = 5 (v, X]+ J[JY, X]) ,

DN | =
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ON DEFORMATIONS OF COMPACT BALANCED MANIFOLDS 645

and for every L € A}
(@,L)(X,Y) = (Q,L(Y)(X) = (0/L(X)(Y) - LIX, Y]],

where we used the identification 05 = m~' 0 9y o m.

2. CURVES OF COMPLEX STRUCTURES

Let (T, J,g) be a Hermitian vector space, i.e. a real vector space T equipped
with J € End(T) satisfying J2 = —I and a positive definite scalar product g on T
satisfying ¢(JX,JY) = g(X,Y).

Let V be an endomorphism of 7" anticommuting with J. We can identify V' with

1
(2.1) VT -1 V(X 4+iJX) = 3 (V(X) —-iJV (X)),
which is C-linear, where as usual
TW={X—-iJX | XeT}, T ={X+iJX | Xe€T}.
This identifies canonically the space
{VeEnd(T)|VJ+JV =0}

with (7%)%! & T49.

If, moreover, V is antisymmetric, then, setting

a(X7 Y) = g(V(X)7 Y)7

we obtain a two-form o € A20+%2T* and in terms of complexified space o = vy +7,
where

V(va) = a2,0(X’Y) = (Q(Xay)_ia(JXaY))v

DN |

(2.2) v e ANOT* . H(Z,W) = g (V (7) ,W).

We will now recall the basic facts about the deformation theory of complex
manifolds. Let (M, J) be a compact complex manifold of real dimension 2n. On the
space I'(M, End(T'M)) of C*-sections of the vector bundle End(TM) = T*M T M
we will consider the usual topology. Then every almost complex structure Jin a
neighborhood of J can be uniquely represented as

J=U+L)J(I+L)"",

with L € End(TM) such that L.J + JL = 0 (see e.g. [7]). It turns out that .J is
integrable (see e.g. [15]) if and only if

A 1
(2.3) L= B (L—14JL) € A4
satisfies the following:

— . 1.~ 4
(2.4) 0sL+ 5[[L, L] =0.

Equation (24) is called the Maurer-Cartan equation. Therefore the elements
L € A} such that det(I + L) # 0 and L satisfies the Maurer-Cartan equation
parametrize the complex structures close to J. More precisely, the map

L (I+L)JI+L)!
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646 ALBERTO SARACCO AND ADRIANO TOMASSINI

gives rise to a bijection between

{L € QY (Mg @ TM | det(I+L)#0, d;L+ l[m,m] = o}

[\)

and

{complex structures J on M }

in a neighborhood of 0 € T'(M, End(T'M)) and in a neighborhood of J.
Let

t— J;,

be a smooth curve of almost complex structures on M, with Jy = J. Then, as just
recalled above, for —e < t < ¢,

Jo=I—L)JI—L,) ",
where

It is immediate to check that
d
— Jilt=o = 2LJ .
at tt=0

Furthermore, if ¢ — J; is a (smooth) curve of complex structures, then as a conse-
quence of [7, Prop. 3.3], it follows that the linear map L given by (ZX]) satisfies the
necessary condition

0;L=0.

L (2,0)4(0,2) . . .
et [y] € Hj (M)g (see [14] and ([26))), v being the harmonic representative,

and let V be as in ([2)). Then, defining

~ 1

L==-VJ

2 )
one has that
Jo = (I—tL)J(I —tL)™*

is a curve of almost complex structures on M.

In Sections Bl and @, starting with the harmonic representatives of cohomology
classes of type (2,0)4(0,2), as in ([2.2), and of type (1, 1) respectively, we will apply
the previous constructions to deform balanced structures on two different compact
non-Kahler manifolds.

Finally, we recall the definition of the cohomology groups (see [14])

(26)  HPYTOP (M) = {[a] | a € (M) 3 QL (M), a=a},

which will be used in the next sections.
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3. BALANCED DEFORMATIONS

Let G C GL(4,C) be the complex subgroup, with Lie algebra g, defined as

1 Z1 23 Z5
G=¢AeGLH4,C) | A= 00 1 = |° zeC,j=1,...,5
00 0 1

Then G is a complex nilpotent Lie group; the subset I' C G whose matrices have
Gaussian integers entries is a uniform discrete subgroup, so that M = I'\G is a
compact 5-dimensional complex nilmanifold. The 1-forms

goj:dzj, j=1,...,4, ¢° =dzs — z1dzy — 23dz4

are G-invariant and, consequently, induce 1-forms of type (1,0) on M. Hence M is
holomorphically parallelizable, with structure equations
dp? =0, j=1,...,4, de® = —p' A p? — 3 At

Denoting by {61, ...,05} the global vector fields dual to {¢?,...,©°}, we immedi-
ately get that

[01,02] =05, [03,04] =05
and the other brackets vanish. Setting ¢/ = e?~! +4e% ,j =1,...,5 and 6, =
%(e%_l —iegx), k=1,...,5, we have

dei = 0, j=1,...,8,
de® = —e'B et BT | 08
del0  —  _pld 23 58 _ 6T
and
(3.1) [e1, e3] = [ea, e2] = [es, e7] = [es, e6] = €9,
[e1, €] = [ea, e3] = [es5, es] = [e6, e7] = €10,

the other brackets vanishing.
Observe that M is a compact balanced manifold, the balanced form given by

i
w = 5(<p1/\@1+g02/\¢2+<p3/\¢3+g04/\¢4+g05/\¢5) .

By Nomizu Theorem (see [I8]) it is immediate to check that by(M) = 26. Fur-
thermore,

H?*(M,R) = H®O+OD (£ @ HYY (M) .

One can check that HZO+O02) (M) | HY(M)g , respectively, are spanned by the
following harmonic forms:

Pl =2(p13 +oB), 9?2 = L(p* + ™), ¥° = L(pM + o1h),
52 Pt =3P+ wﬁj P = %(wf + o2 — % — 903_)77

wﬁ — %(3012 _ 3012 _ 3034_‘_%034)) w'? _ %(@14 _ Qpl )’

P8 = L (0% — o), 90 = L(p"? — o), 910 = L(p* — o),
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and
wll — %(Lpli + LPM) 12 = %((,015—1'(,013), wlB — %(LPQE + @54),
P = %(@2§+@§3),¢15 _ %L,OIT, P16 = %'4)0257 Y7 = %‘wzﬁ’
(3.3) w18 — %3041, ,lp19 — l(wli + L)012) , ¢20 _ 1(3031 + <,0§4)
1/)21 _ 2%(%015 T ) ’1/122 2%(%013 ) 1/}23 _ QL( 14 _ L,OT4),
¢24:%(802§_8023)=¢25:%(@21 ) ¢26_2L( 34 _ 54)’

where cpﬁ =" and p4P = p* A P, We can state the following.

Theorem 3.1. The harmonic representative 1 of any cohomology class in

Spang, (v',9?,¢%, v*) € H?(M,R)
gives rise to a curve of balanced structures on M whose fundamental forms are
given by

wy =w -+t +o(t).
Proof. Let
4
Y= cnt" € Spang (', ¥%).
h=1

We will show that there exists a curve of balanced structures (J;,w;) on M such
that
d
Jo=J, dtwt|t 0o=1.
Let c;9pt € HZOHO02) (Mg | where ¥ is defined as in (32). By (Z2), the linear
map Vj representing 1 is given by

1 :<PT®93—<,0§®91.
Then, setting i/1 = %Vl J, we have

Z' — —
L= —§(tp1 ® 03 — ¢° ®06;)
and in real terms
~ = 1
(3.4) L1:L1+L1:—§(€1®66+62®65—65®62—€6®61).

Then c; Ly represents the (2,0) + (0,2)-form cy9p!. We start by proving that ¢y L,
satisfies the Maurer-Cartan equation ([24). In order to do this, we show that

i) 9L, =0,

i) [[L1,14]] = 0.
By definition,

afill (arags) = (afill (as))(ar) - (8JL1(§T))(§S) - Ll([grvgsn :
Now observe that o
Ll([ah 95]) =0

since [01,0-] = [03,04] = 05, the other brackets vanishing. Furthermore since

0,,0,] =0, rs=1,...,5
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we obtain
dsL1(0,,05) =0
We have
(L1, L1])(0,.05) = 2[6105 — 63601,06105 — 5361]) — 2Ly ([6103 — 6261, 0,]

+ 0,605 — 6261]) =0,
since again [01,605] = 0 and [0,,0,] =0, r,s = 1,...,5. Consequently
_ ~ 1 ~ ~
&;tclLl + 5[[t61L17 tClLl]] = 07

namely tclﬁl satisfies the Maurer-Cartan equation (Z4)). Then J; ., is integrable.
By a similar computation, one can prove that the almost complex structures
Ji.e,, induced by the form c,y" are actually integrable, for h = 2,3,4. Therefore,
also the form Z;t:l cpp™ gives rise to a complex structure. Hence, if L = %VJ,
then
Jyo= (I —tL)J(I —tL)™!

is a curve of complex structures on M.
Set
ga{ =¥ gt
for 7 =1,...,5. Then define
1
Wy = §(W+th.)) .

By definition, the real 2-form w; is of type (1,1) with respect to J;, and, for small
t, it is strictly positive. A direct computation shows that

d
dw? :0, Ewthzo :’w
Therefore (J;,w;) is a curve of balanced structures induced by . O

4. HALF-FLAT DEFORMATIONS

In this section we will provide a 6-dimensional balanced manifold (N, J, g,w)
which has half-flat deformations in every direction. We first recall the construction

of N (see [I7] and [§]).

Let z1, ...,z denote coordinates on R 6.

We set A = log 3+2_\/g and p = %ﬁ and consider the following transformation
of RS:

Ty (w1, w2, 23, T4, T5,76) = (I1+>\767’\I2,6AI3,I4,€7’\$5,6’\336) .
We set
N _ Rz4 % le X Rig,m3,m5,$6/1—\
2nZ (Th(z))

where

I' = Spany ((u,1,0,0), (1, —u,0,0)%, (0,0, 27u, 27)%, (0,0, 27, —27p)")
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and (T4 (z)) denotes the subgroup of transformations generated by 77 (x). Then N
is a compact 6-dimensional manifold. The six 1-forms on RS,

el = day,

e? = exp(x1)dza,
e3 = exp(—zy)drs,
et = day,

e5 = exp(xy)drs,
eS = exp(—z1)dxg,

induce 1-forms on the manifold N. Therefore, we immediately get

det = 0,
de? = e' neé?,
ded = —el Ne3,
de* = 0,
de® = el A€,
deb = —et NeS.

In fact it turns out that N can also be presented as a compact quotient of a 6-
dimensional simply connected completely solvable Lie group by a uniform discrete
subgroup (see [5] and [I1, Example 5]).

Let us consider the complex structure on N defined by saying that the following
ol = el +ielt3, j =1,2,3, are the complex (1,0)-forms. Then one has

dp? = e2+ie'd = 1 (o' +3Y) A2,
de® = —e'® —iel® = -1 (o' +3") AP,
Observe that N is a compact balanced manifold, with balanced form given by
) _ _ _
w = 5(<p1/\901+302/\<p2+<p3/\g03) .
A basis of H?(N,R) is given by

Pl = Lol AP,
(4.1) HYY (N)g 3042 = L(P2AB + AP
V= 5 (P AP PP
(4.2) HO+0.2)(N), 5 Pt = (PP AP - PP,
VW = 3 (P AP+ AT
where 17, j = 1,...,5, are harmonic with respect to the metric g = 25:1 el ® et

We have the following:
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Theorem 4.1. The harmonic representative ¢ of any cohomology class in H?(N,R)
gives rise to a curve of half-flat structures on N whose fundamental forms are given
by wy = w + Y + o(t).

Proof. In view of [@Il) and @2, if ¢ is a g-harmonic 2-form on N, then we can

write
5
o= e,
j=1

where ¢; € R.
We first deform the balanced form w in the direction of the (2,0) + (0, 2) part of

.
The linear map V : TO'N — THON associated with c,v* + c59° is given by
V= (05 +’iC4)(¢2 ® 03 — @3 ® 02) .

VJ, we get

Hence, setting L = 1

- 1 . _ _
L= 5(04 —ics) (P @03 — B> ®6,).
In real terms,
1 . 1
L= —504(—€2®63+65®66+63®62—66®65)—505(62@)664—65@63—66@62—63®65) .

Thus is defined the curve of (not integrable unless ¢4 = ¢5 = 0) almost complex
structures

Jo= (I —tL)J(I —tL)"".
The almost complex structure .J; defines a deformation of the form ¢!, p?, @3 as
follows:

o = et +iJiel = el +iet,

07 = e +iie? = 2+ zf(; [4651&63 + (4 -3t — c§t2) e + 4C4t66] ,

t,ca,c5)

03 = e +idied = 3+ Zﬁ [—4c5te2 — degted + (4 —c3t? — c§t2) 66} ,

t,cq,c5

where f(t,cy,c5) = cit? + c2t? + 4. We set

i _ 1 e 1 _3
¥ = selABL W = S (AT HTIAGY) ¥ = S (AT -FAg) .

Note that 1} = 7, for j = 1,2, 3.

We define a family of SU(3)-structures on N. Set
ol
2

The form w; is of type (1,1) with respect to J;. It is immediate to check that the
tangent direction of w; at t = 0 is indeed . A straightforward computation yields

wy (or ANy + 0 NB; + o) ABY) +t (crthf + (c2 — e5) 7 + e3y)

(43) d(wt /\wt) = 0.

Let Uy = ©f A2 A}, Then, up to rescaling U, we may assume that
~ = . wg
U, AU, = —8i 3—? .
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Therefore, (J,ws, ¥;) gives rise to a family of SU(3)-structures on N. We will show
that there exists a family of complex numbers a(t, c4, c5) + ib(t,cq,c5) € St such
that, setting

W, = (a(t, cq, c5) +ib(t, ca, c5)) Uy
(Ji,wi, Uy) is a family of SU(3)-structures on N satisfying
d(Me T,) =0

namely, in view of [@3), (Ji,ws, PUy) is a curve of half-flat structures on N. We
easily obtain

A cyt
d(Pe¥,) = 8m 1346 _ 61245) = B(t, ca, c5) (61346 . 61245)

2 C5t(f(t7 Cy4, 05) - 8)
dSmb,) = 8 e el (61346 _ 61245) = A(t,cq, c5) (61346 _ 61245) .
Setting

(tycases) =~ , bty carc5) =~
a(t, Cq4,C = T ,C4, C = T
4,Cs T 4,Cs T
then
—_ w3
d(iﬁe\I/t)ZO, \I]t/\\I]t:_SZ?)—t'

The proof is complete. i
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